UNIT-II 

VECTOR CALCULUS 
Directional derivative 

The derivative of a point function (scalar or vector) in a particular 
direction is called its directional derivative along the direction. 

The directional derivative of a scalar point function ^in a given 
direction is the rate of change of ^in the direction. It is given by the 
component of grad ^ in that direction. 

The directional derivative of a scalar point function 


(j) (x,y,z) in the direction of a is given by 


V0.a 


\a 


Directional derivative of (f) is maximum in the direction of V <j >. 
Hence the maximum directional derivative is |V (f)\pr\grad(j)\ 

Unit normal vector to the surface 

If (j) (x, y, z) be a scalar function, then (j) (x, y, z) = c represents 
A surface and the unit normal vector to the surface ^is given by 

V<p 




Equation ot the tangent plane 

—» 

Suppose a is the position vector of the point (x 0 ,y 0 ,z 0 ) 

—> -A —» —> 

On the surface (j) (x, y, z) = c. If r = x i + y j+ z k is the position vector of 

—> 

any point (x,y,z) on the tangent plane to the surface at a , then the 

—> 

equation of the tangent plane to the surface ^ at a given point a on it is 

(-> 

given by 


r— a 

V J 


j.gradtp = 0 

—> 

If r is the position vector of any point on the normal to the surface 

at the point a on it. The vector equation of the normal at a given point 

f -> ^ 


on the surface 0is 


r— a 

V J 


x grad(j) = 0 


v j 

The Cartesian form of the normal at (x 0 ,y 0 ,z 0 ) on the surface 


0 (x,y,z) = c is 

x-x 0 _ y-y„ _ z-z 0 
d(f) d(f) d(f) 

c)x c)y dz 


Divergence of a vector 

—> 

If F(x,y,z) is a continuously differentiable vector point function in 

—> 

given region of space, then the divergences of F is defined by 

t, t, ~?dF ydF ~?dF 
v.F = divF = i —-h j — - Vk ■ 


dx 


dy 


dz 



■Z' 


dF 

dx 


If F = F x i + F 2 j+ F 3 k ,then divF = V.(F t i + F 2 j+ F-, k ) 

-» Af 7)F dF 

i.e., divF = ^ + ^ + ^ 
dx dy dz 


Solenoidal Vector 

A vector F is said to be solenoidal if divF = 0 (ie) V.F = 0 

Curl of vector function 

—> 

If F(x, y, z) is a differentiable vector point function defined at each 

—> 

point (x, y, z), then the curl of F is defined by 

curl F = VxF 

dF dF 7 df 7 

= zx-+ /x- + kx - 

dx dy dz 


-Z' 


x- 


dF 

dx 


If F = F x i + F 2 j+F 2 k ,then curl F = V x (F, i + F 2 j + F 2 k ) 



curl F 


/ / k 

d d d 


dx dy dz 

Fx F ^ 


~dF 3 

dF 2 ~ 

—> 

_ 7 

~ dF, 

_dF ± ~ 

+ k 

dF 2 


_ dy 

dz 

J 

dx 

dz \ 

dx 

dy 


—> —> 

Curl f 7 is also said to be rotation f 7 


Irrotational Vector 

—» —> 

A vector F is called irrotational if Curlf 7 = 0 

(ie) if VxF = 0 

Scalar Potential 

—» 

If F is an irrotational vector, then there exists a scalar function (/) 

-A —> 

Such thatf 7 = V</>. Such a scalar function is called scalar potential of F 


Properties of Gradient 


1. If f and g are two scalar point function that V(/ ± g) = V/ ± Vg (or) 

grad{f ±g) = gradf ± gradg 


Solution: V(/ ±g) = 






l -h J -h k - 

dx dy dz 


(f±g) 



= i^-{f ± g)+j^-{f ± g)+k^-{f±g) 

^ ox ay oz 

= 7^±7^+7^± 

dx dx By Bi dz dz 


= '7^ + 7^ + 7^1± 7& + 7^+7^- 

v dx dy dz) dx dy dz 

V 

= V/±Vg 


2. If f and g are two scalar point functions then V(/g) = yVg + gV/ (or) 

grad(fg) = fgradg + ggradf 

Solution: V(/g) = i + j + k \{fg) 

^ ox dy oz j 

= 4^) + j-jr(fg)+kjr(fg) 

^ (7X Oj; C/.Z y 

r dg df') ~lf dg df) f( dg df \ 

= 1 + +j f^+g^r +k fir + g^r 

\ dx ox J dy dy J \ dz oz J 

= 7 7 r + 7 r + 7 lW 7 r + Tr +7 I) 

^ ox oy oz J y ox oy oz y 

= yvg+gv/ 


3. If f and g are two scalar point function then V 


gV/-./Vg 


where 


g* 0 

(A d d -» d Y f 

Solution: V — = i — + j - vk — — 

IgJ l ^ dy dz\g 

= Z’y\ L ) 

dx \ g ) 

= v7 dx J dx 
g 2 


_Lf g y 7 ^-/-y 7 ^ 

g 2 { ^ dx ^ dx 

-4 b v/-yv?l 

g" 


4. If r = x i + y j+ z k such that r = r ,prove that Vr" = nr" 2 r 


n hd ?3]„ 

= i — +7 — + k — r 

v dx dy dz y 

^ or ^ or 7 or 

“ 'a 7 +y V ^ 


Solution: Vr 



n- 1 dr 1 3r 3r 

= / «r — + / nr — + k nr — 

ox oy dz 


nr 


n—1 


nr 


n—1 


^x 1v 7z 

i —h j -—— 


x i + y j+ z k 


nr 


n-1 


5. Find a unit normal to the surface x 2 y + 2xz = 4 at (2,-2, 3) 
Solution: Given that (j) = x 2 y + 2xz 


V</r- 


z — + 7 — + A' — \(x 2 y + 2 xz) 
y ox oy oz J 

i (2xy + 2z)+ j[x 2 ) + k ( 2 x) 


At (2,-2, 3) 


V^ = 7(-8 + 6)+}(4) + ?(4) 

—» —> —> 

=-2i+4j+4k 


|V^| = V4 + 16 + 16 = V36 = 6 

Unit normal to the given surface at (2,-2,3) 


V</> _ -2 i + 4j + 4 k 

N 6 

= \ f 
3 


/ + 2 /+ 2 k 


6 . Find the directional derivative of (j) = x 2 vz + 4xz 2 + xvz at (1,2,3) in the 
—> —> —> 
direction of 2 / + j- k 

Solution: Given (j) = x 2 yz + 4xz 2 + xyz 


V (j) '• 


i - 1 - j — + k — (x 2 yz + 4xz 2 + xvz) 

ox oy dz j 

(2 xyz + 4 z 2 + vz) i + (x 2 z + xz) j+ (x 2 v + 8 xz + xy)k 


At (1,2, 3) 


= 54 /' + 6 j+28k 
—> —> —> —» 

Given: a = 2 id- j-k 

= V4 +1 +1 = V6 



, D.D = V 0.-^| 
a 


f , ..A 2 z' + 2 j-k 

— 54 z + 6 7 + 28^ .- -j= - 

v y v 6 

= _L[l08 + 6-28] = -j=[86] 


7. Find the angle between the surface x 2 + _v 2 + z 2 = 5 and 
x 2 + v 2 + z 2 - 2x = 5 at (0,1,2) 

Solution: Let $ = x 2 + _v 2 + z 2 and (j) 2 = x 2 + _v 2 + z 2 - 2x 

M = 2 i -M = 2 v M =2z 

dx dv dz 

M ~2x-2 


; 2v,- 


3x rJv ' rjz 

=2xi + 2 v y+ 2z k 
W(f> 2 = (2x — 2) z + 2 v 7+ 2z A: 


2z 


At (o,l,2) 

V^=2y+4A 


V ^ 2 = -2 z + 2 7 + 4 A: 

y -> -Af -» -> -a 

2j+4k . —2i+2j+4k 

A_Z 


Cose =lMt= 

NM 

cos# = 


V 

■]|| t y 2 \ Vl6 + 4 A 4 + 4 + 6 

4 + 16 20 


V20V24 V20V24 


6 = cos 


-1 


20 


-1 


cos 


VV20V24/ 

'Jw'' 


vV24/ 


8. Find the angle between the surfaces xlogz = v 2 -1 and x 2 y ■ 
point (1,1,1) 

Solution: let (j) x = v 2 - xlogz and (j) 2 = x 2 y + z 

A, , A, ~ x 

-A- = -logz,-^ = 2v, A 2 - = — 
dx dv dz z 


M Ml _ v 2 A 2 


3x 


: 2xv,- 


A 


3z 


1 


V# = (-logz) z + 2v7- -k 

z 


2 - z at the 


v 02 =2 j-k 



Cos# 


Vrt.Vfc 


2-1 


V4+IV4 + 1 + 1 V5V6 


6 = cos 


' 1 ^ 

V5V6. 


9. Find V 2 (r") 

Solution: V 2 (r'')=V.v(r") 


ox ay dz 

n -1 ^ 


= 1 nr " ‘- 1 - / nr 

dx dy 


-‘ 3r + Lr- 3r 


r = xi + yj+z k 


= r = i 


2 , 2.2 

X + V + z 


2 2 . 2.2 
r = x + y + z 

dr dr x 

2 r— = 2 x => — = — 
ox ox r 

n. dr dr _ y 

2 ^ -. 237 => 

OV dV 7' 

2 r— = 2 z => — = — 
dz dz r 


V 2 (r"): 


nr 


= nr 


= nr 


n —2 


7 X 7 V 7 

7 -h /-h k 


x i + y j+ zk 


Since V (f)u =V <ft.u+ tfidivu 


V 2 (r'')=V| 


f ->\ 

nr" 2 v 

v y 

y -a 


nr 


n-2 


+ 


V. r 


V. r 

\ J 

d V 


v(iir" 2 )i 


7 — +./ — + £ — xi + yj+zk 

y OX (7^ (7.Z y y 

=1+1+1 = 3 


dz 


'V 2 (r") = 3 nr "~ 2 + 7 zV(r'' _2 ).r 

= 3 nr "~ 2 + 77(77 - 2 )( 7-"“ 4 ). 7* 2 
= 377 r"- 2 + 77(77 - 2 )(r n ~ 2 ) 

V 2 (r") = r "” 2 [77 2 + 77] = 77(77 + l)r '' -2 



10. If r = x i + y j+ z k and 


= r .Prove that r n r is solenoidal if n = -3 and 


r" r is irrotational for all vectors of n. 
Solution: r" r = r"x i + r"y j+ r" k 


div 


f ->\ 

y n v 

\ j 


—(r n x)+—(r n y)+—(r n z). 
ax ay dz 


Now r 2 = x 2 + y 2 + z 2 

Differentiating partially w.r.to x, 


Similarly, 


dr dr x 

2r — = 2x => — = — 
dx dx r 

2r—= 2v^ —= - 
dy dy r 

2r^- = 2z=>^- = — 
dz dz r 


Now ^-(r''x) = x^-(r'')^ + r" 
ox dr ox 


= x.n r n 1 — + r" 


—(r"y) = nr n 2 y 2 + r n 

dy 


•( 1 ) 


dz 


(r"z)=, 


— \r"z)=nr" 2 z 2 + r n 


From (1) we have 


div 


r r 
V J 


n—2( 2 . 2.2 

nr + y + z 


) + 3 r n 


= nr" + 3 r" 

= (n + 3 )r" 

—^ 

The vector r" r is solenoidal if div I 


= 0 


f -*\ 
y n v 

V J 

> (n + 3 )r" = 0 
n + 3 = 0 
=> n = — 3 


r" r is solenoidal only if n = -3 


Now curl 


( -»A 

n 

r r 

V J 


i j k 

d d d 

dx dy dz 

, n n n 

r x r y r z 


V 3 d ( n ^ d f „ \ 
= y > 




n -1 dr dr 

nr ——z — nr v — 
dy ' dz 




V 1 n- 1 y n — 1 2 

= > i \nr —z — nr v— 

V r r ) 

= y i ( nr n ~ 2 yz - nr"~ 2 yz ) 

= 0 

Curl(r"7)= o7+Oy+()7=0 

—> 

Curl ( r” r ) = 0 for all values of n 

—^ 

Hence r" r is irrotational for all values of n. 

11. Prove that 5 = [y 2 cosx + z 3 )i + (2 vsinx - 4)j+3xz 2 k is irrotational and 
find its scalar potential 
Solution: 


curl\ 


7->> 

F 

V J 


i 

d_ 

dx 


J 

d_ 

3v 


k 

3_ 

3z 


y cosx + z 2vsinx-4 3xz" 


/[O-Oj-y'^z 1 -3z 9 + A'[2vcosx-2vcosx] = 0 


F is irrotational. 


To Find (j) such that F = grad(/) 

[y 2 cosx + z 2 )i + (lysmx-4) j +3xz 2 k = i — + j — + k ^ 

ox oy oz 

Integrating the equation partially w.r.to x,y,z respectively 

(f) = y 2 sin x + xz 3 + f x (y, z) 

</> = y 2 sin x-4y+ f 2 (x,z) 

</> = xz 3 + f 3 (x,y) 

(j) = y 2 sinx + xz' - 4 y + C, is scalar potential 


12. Prove that div\ 


7-» -A 
AxB 
V J 


= B.{curl A) - A.{curlB ) 


Proof: div\ 


(-> -A 
AxB 
V 7 


= V .(AxB) 


-Z' 
- Z' 

—z 


d 

— AxB 
dx{ J 

7 

■2 35 

V 7 

7 -» A 

7 35 -* 
i ^—xA 
ox 

V 7 


+Z 


+z 


7 -» A 

3t( - 
3x X 

V 7 

7 -» A 

3 A - 
3x X 

V 7 



I 


zx- 


dB 

dx 


.A+ 


Z 


ix- 


d_A 

dx 



J 


( ^3 


f 

-A 

curl B 

\.A+\ 

curl A 

K. J 


V 



.B 


13.Prove that curl\ 
Solution: 


( 



f 

^3 

curl F 

= V 

y*F 

V 

2 



J 


.B 


-V 2 F 


( 

->> 


f 

-A 

curl F 

= Vx 

VxF 

V 

J 


K 

J 


curl\ 

By using ax 


-A 


(-» 

-A 



bx c 


a.c 

b- 

a.b 

\ J 



2 




f -A 

V.F 

V J 

( -A 

V.F 

l J 


v-(v.v)f 


V-V 2 F 


VECTOR INTEGRATION 
Line, surface and Volume Integrals 


Problems based on line Integral 
Example 1: 

If F = (3x 2 +6y)i- 14 yz j+ 20 xz 2 k Evaluate J F .dr from (0,0,0) to 

c 

(1,1,1) along the curve x = t,y = t 2 ,z = t 2 

Solution: The end points are (0, 0, 0) and (1,1,1) 

These points correspond to t = 0 and t = 1 

dx = dt,dy = 2 t,dz = 3 1 2 

J F .dr = J (3x 2 + 6 y)dx - 14 yzdy + 20 xz 2 dz 

c c 

1 

= J (3 1 2 + 6 1 2 )dt - 14 1 5 (2 tdt) + 20t 7 (3 1 2 ]dt 

0 

1 

= J (9t 2 - 28t 6 + 60t 9 )dt 

0 

= (3t 3 -4t 7 +6t m l 
= [(3-4 + 6)-0] = 5 


Example 2: 

—^ > —> 

Show that F = x 2 i + y 2 j+ z 2 k is a conservative vector field. 



Solution: If F is conservative then VxF = 0 


Now VxF 


1 j k 

d d d 

c)x dy dz 

2 2 2 

x y z 


0/ + 0 j+Ok —0 


F is a conservative vector field. 


Surface Integrals 

Definition: Consider a surface S. Let n denote the unit outward normal to the 

—> 

surface S. Let R be the projection of the surface x on the XY plane. Let / be 
a vector valued defined in some region containing the surface S. Then the 


surface integral of / is defined to be JJ f .nds = JJ 


f-n 


dx.dy 


n.k 


Example 1; 

m m -^ A -^ ^ ^ ^ 

Evaluate f /.nds where F = z i + x j-y 2 zk and S is the surface of 


s 

.2 , 2 


the cylinder + y =1 included in the first octant between the planes z = 0 
and z = 2. 

—» —» —» —» 

Solution: Given F = z i + x j- y 2 z k 


(j) = x 2 +y 2 -1 


V0 = 2x i + 2y j 
|V0| = ^4x 2 + 4 y 2 

=2 yjx 2 + y 2 

=2 

A V</> 

The unit normal n to the surface = 


F.n ■ 


r -> -> -> 

z i + x j-y 2 z k . x i + y j 


V 


J 


\ 


N 

2xi + 2 vj 

= —^- = ™ + yj 


■ xz + xy 


J 


Now // F . n dS » // F. it ■-*% dz 


it .i 


Where R is the projection of S on YZ plane. 
















;; 

R A 

// fa+y)4yfo 

It 


[': a . i = fai + y j) - 1 


2 1 

J f fa +y)dydz 

0 D 


2 

s 

0 


zy 


2 


.it 




^ i 


= ( 


4 + 2 
2 2 


- (0 + 0) 

(2 + 1 ) = 3 . 


Example Evaluate // F . n dS where F = 18zl — 12j 4- 3yk as S is the 

S 

part of the plane 2x 4 3y + 6 z- 12 which is in the first octant. 

Solution : Given : F « 18zi — 12; 4 3yk 

Let <p = 2r 4 3y 4 6z - 12 


n — 


_ „yjt- 
\v<p | 


^ dx d.y #2 

= 2 /' + 3; 4 6 A: 

| - VT+T+¥ - V4? = 7 


A 

/I 


W ip 2i 4 3; 4 6A 
I V* | 7 


F . n =* (l&l - 12; 4 3 y k) 


^ 2<~*4 3 A- 6* j 


3te — 36 4 lHy 

7 















* [* ( 


—-^- 36 + 18yj |V 


12 


= i [6 (12 - 2x - 3 y) -36 + 18y] - \j [36 - 12x] 


// F . n ciS - // 
S R 


36 — I2x dx dy 


I n.k\ 


*7* 2 i + 3 j + 6 k t* 6 

n . k — -^-. k =■ — 


// F . n dS 
s 


- IS i** 

“ // (6 — 2jt) dx dy 

K 


Given plane equation is 2x + 3y + C\z — 12 in XOY area z = 0. 

2jc -4- 3y = 12 

3y =- 12 - 2x 

12 — 2r 

y - —x— 


12 — 2r . 

y varies from O to -~- in X plane y = O, z = O 

2r = 12 
jc 6 

x varies from O to 6 

6 12 - 2x 

- / / 5 (6 - 7x) dy dx 

0 o 

12 ~ 2x 


f (*y — 2 x y) o 3 




dr 


2x - 3y 

6 















dx 


6 



0 


f 

24 - 4r - Hx + 


<d) 

j 




6 



0 


f 4r 

24-12r + f 


dx 


2 4x 3 
24c - 6r + “ 


t6 


24. 


VOLUME INTEGRALS 

The volume integral of F over a region enclosing a volume V is 

given by /// F (x,y,z)t/V or /// F (x,y,z)dxdydz. 

V V 


PROBLEMS BASED ON VOLUME INTEGRALS 


Example 3,3,16. If F = (li - 3z) i - - h k, evaluate /JJ V * F tfv ivktt 

v 

V Ss tte regioa bounded by x=0, y = 0* i- 0 and 2x + 2y 4- *b 4, 


Solution 


V x F = 


( 

_L 

dx 

he 2 — 3z 


; 

A 

-2*y 


fc 

A 

d2 
—4x 


i (0) + / (-3 + 4) + * (-2y - 0) 

f~2yk 


/// vxFrfv= 

V 0 0 0 

\ rl-x -*4 - 2x - 2y 

- JJ (*; ~2yz*) 0 
0 0 

2 

* // 2 " x (4-2r-2y]y-2y(4~2x-2^)L)rfyttc 
0 0 


2 

/ 

0 


(4y - 2ry -/)/ - 


V-v-^r 


n2 — x 


rir 















” f[[*(2-x)-2x(2-x)-(2-xf]i 

- |^4 (2 -xf -7x (2- x) 2 - 5 (2 - x) 3 ] fcj dx 

= / (8 — 4x — 4v 4- 2c 2 — 4 — x 2 4- 4x) j 
0 

- [(16 -16*4-4* 2 -&c + 8*?- 2x 3 ) 

- | (8 - 12* 4- 6X 2 - * 3 ) k) dx 

" / J^(4 - 4* 4 x 2 );' — ^ (16 - 24* 4 12* 2 - 2* 3 1 dx 


— 14* — 2* 2 4- ™- 


r* A 


16* - 12x 2 4- 4* 3 - “ I 


“ (s -8 + |) T- |(32- 48 + 32 - 8) - §(/*- k) 


INTEGRAL THEOREMS 

(i) Gauss’s divergence theorem 

(ii) Stoke’s theorem 

(iii) Green’s theorem in the plane 


Green’s Theorem 
Statement: 

If M(x,y) and N(x,y) are continuous functions with continuous 
partial derivatives in a region R of the xy plane bounded by a simple closed 
curve C,then 


|Mdx + ndy = JJ 

c R 



dM 


\ 

dxdy , where C is the curve described in the 

J 


positive direction. 






Verify Green’s theorem in a plane for the integral J(x - 2y)dx + xdy 


taken around the circle x 1 2 +y 2 =4 
Solution: Green’s theorem gives 

J Mdx + Ndy = Jj[ ~ dxdy 


Consider J (x - 2 y)dx + xdy 


M = x - 2y N = x 
dM _ dN _ 1 
dy ’ r)x 



JJ (l + 2 )dxdy = 3 JJ dxdy 

R R 


= 3 [Area of the circle] 

= 2>7D- 2 
=2>.ttA 

= 12 71 .(1) 

Now J Mdx + Ndy 

We know that the parametric equation of the circle x 2 +y 2 =4 
x = 2cos# y = 2sin# 
dx = -2sm0d0 , dy = 2cos0d0 
Mdx + Ndy = (x - 2 x)dx + xdy 

= (2 cos 0 - 4 sin 0){- 2smddd)+2 cos 0{2 cos 0)d0 
= -2cos#sin<9 + 8sin 2 # + 4cos 2 Odd 
Where 6 various from 0 to 2n 


|Mdx + Ndy = j(-2cos#sin# + 4sin" 0 + 4)d0 

c o 


2 nf 


J -sin 2 #+ 4 


l-cos2# 


+ 4 


dG 


271 

= J(-sin2# + 6-2cos2 d)dO 

o 


cos 20 ^ 2 sin 20 

= - + 60 - 

2 2 

1 

= —+ 12;r-= 12# . 

2 2 

From (1) and (2) 


( 2 ) 





fff 

dN 


In 

dx 

dy J 


dxdy 


Hence Green’s Theorem is verified. 


Example 2 

Using Green’s theorems find the area of a circle of radius r. 
Solution: By Green’s theorem we know that 


Area enclosed by C = — Jxdv - ydx 


The parametric equation of a circle of radius r is x = rcosd,y = rsin# 
Where 0 < 6 < In 


Area of the circle = 


| In 

— Jr cos 9{r cos 9)-r sin 0(—r sin 9)d 0 


o 

In 


1 AJL 


r 2 cos 2 9 + r 2 sin 2 


o 

2 n 


-t LJL 

- j r 2 dd 


\r 2 W = 


7tr~ 


Example 3: 

Evaluate J [(sinx - y)dx - cos xdy\ where c is the triangle with 

C 

vertices (0,0) ,(y,0) and (y,l) 

Solution: Equation of OB is -—— = ——— 

i - 0 *-0 
2 

2x 

=> y = — 

71 




By Green’s theorem J Mdx + Ndy = jj |"dxdy 


Here M=sinx-v 


dM 


= -l 


XT dN ■ 

N = -cosx,—— = sinx 
ox 

J [(sin x - y)dx - cos xdy] = JJ (sin x +1 )dxdy 


ny 7t 

In the region R, x varies from x = -^-to — and Y varies from y = 0 to y = 1 


71 

1 2 


| (sin x -y)dx- cos xdy = J J (sin x +1 )dxdy 


0 7ty_ 
2 


J[-cosx + x]^ dy 


i 

■J 


0 L 


7TV 7T 7TV 
COS—H-— 


dy 


2 . 7ty 71 7TV~ 

— sin ——l—v—— 
7l 2 2' 4 


2 71 71 2 71 

71 2 4 71 2 


-ll 


JO 


Example 4 

Verify Green’s theorem in the plane for 

J (3x 2 - 8y 2 \lx + (4 y - 6 xy)dy where C is the boundary of the region defined 

c 

by 

X = 0 , y= 0, x + y =1 

Solution: We have to prove that 



J Mdx + Ndy = JJ 


dN dM 


dxdy 


dx dy 

M = 3x 2 -8y 2 ,N = 4y-6xy 

dM ^ dN 
— = -\6y,— = -6y 
dy dx 


< 0.1 > 


Oj 



^ y — i 


CO.O) y , 


O.O) 


By Green’s theorem in the plane 

dN dM ), 


J Mdx + Ndy = JJ[ - -^-jixdy 


R 
1 l-x 


= J J (10 y)dydx 


0 0 


= 10 / 


r 


l-x 


ol2 Jo 


i 

5 J (l - x)“ dx 


= 5 


(l-x ) 3 

-3 


Jo 


Consider J Mdx + Ndy = J + J + J 

c OA AB BO 

Along OA, y=0 , x varies from 0 to 1 


J Mdx + Ndy = J 3 x 1 dx = [x 3 ]„ = 1 


OA 


Along AB, y = l -x^> dy = -dx and x varies from 1 to 0 


J Mdx + Ndy = J [3x 2 - 8(l - x)~ - 4(l - x) + 6x(l - x)}/x 
3x 2 8(l-x) 3 4(l -x) 2 


-3 


= - + 2-1-3 + 2 = - 
3 3 


-2 


■ + 3x - 2x 


STORE’S THEOREM 



















If S is an open surface bounded by a simple closed curve C and if a vector 

—> 

function F is continuous and has continuous partial derivatives in S and on 
C, then JJ curlF.nds = J F.d r where n is the unit vector normal to the 

C 

—> 

surface (ie) The surface integral of the normal component of curl F is equal 

—> 

to the integral of the tangential component of F taken around C. 


Example 1 

—^ —> —> —> 

Verify Stoke’s theorem for F = (2 x-y) i- yz 1 j- y 2 zk where S is the upper 
half of the sphere x 2 + v 2 + z 2 =1 and C is the circular boundary on z = 0 
plane. 

r —^ ^ r r —^ ^ 

Solution: By Stoke’s theorem I F .d r = JJ curl F .nds 


F = {2x- y ) i - yz 2 j- y 2 z k 


curl F = 


i 

d_ 

dx 

2 x-y 


J 

d_ 

dy 

-y ^ 2 


—> 

k 

d_ 

dz 


= i [- 2 yz + 2 yz]- j(0 - 0)+ k(0 +1) = k 

—> —» 

Here n = k since C is the circular boundary on z = 0 plane 
JJ = area of the circle curl F .nds = JJ dxdy 


= ;r(l) 2 = n 



( 1 ) 


ON z = 0 , J F.d r = JJ curl F. n ds 

c s 

On C, x = cos 0, y = sin d 
dx = - sin OdO,dy = cos Odd 

0 varies from 0 to In 






2 n 


| F .d r = J(2cos#-sin#)(-sin#)<i# 

c 0 

2 n 2 n 

— - J(2cos#sin#y# + Jsin 2 Odd 


o 

2 n 


2 71 / 


= - J (sin 2 d)d0+ J 


l-cos2# 


cos2# 


In 


1 

+ — 
2 


2 

sin 2# 


dQ 


0- 


1 1 

=-+ - + ;r = ;r 

2 2 


J 

~ 2 71 

- 0 

•( 2 ) 


.-.From (1) and (2) 


J i 7 .d r = JJ curl F . n ds 

c s 

Hence stoke’s theorem is verified 


Example 2 

—^ —> —> —> 

Verify stoke’s theorem for F = (y-z +2) i + ( yz + 4) j— xzk where s is 
the surface of the cube x = 0, x = 2, y = 0, y = 2, z = 0 and z = 2 above the xy 
plain 1 . 

Solution: 

By Stoke’s theorem 

J i 7 .d r = JJ curl F . n ds 


Given F = (y-z+ 2) i + (yz + 4) j-xz k 


curl F = 


_d_ 

dx 

y-z + 2 


j 

a 


dy 

yz + 4 


—> 

k 

a_ 

dz 


= i [0 - y\- j[- z + l]+ &[() -1] 

= -y i + j[z-l]-k 


— xz 




z 4 


(0,0,0 


( 0 , 2 , 0 ) 


P 


(2.0.0) B(2,2 J 0) 


Surtaue | 

EtfuiUion 

—• *——:-i_. 

I 

: j. ■ = -- 

ABCF (v p ) 

■ T = 2 

■— ■ 

i 

H'/V rf- 

OCD6-1>-0 

r = C) 

— / 

dfV aVc 

BCt>E <> J 

V — 2 

7 

*/v .7r 

fMre r.fj j 

y - O 

-r-S- 

l/y~ 

F>FFF} 

- = 2 


j/.i */r 


/ f cwt f- J TT*,/* = J / + // + J+JJ + 

■ 

■*■ -I 

Fmm corl ^ h 7*v Jt |L,^ s ^iri [h^ rji^i t< i«r v™niches. 

■t ll 

" ^ uui l j7v iA- = J 7 tixtt y=-* 


CurJ F 


- i 

SI 


n 







Hence Stoke’s theorem is verified. 

Example 3: 

—> —> —> —> 

Verify Stoke’s theorem for F = y i + z j+xk where S is the upper half 
surface of the sphere x 2 + y 2 + z 2 =1 and C is its boundary. 

Solution: By stoke’s theorem 




J J curl F*- n*ds = J F* ■ dV* 


t - ^ -r~> -r~> 

F = v i + zj+xk. 


T~> T-^ 

i j k 


Curl F > = 


HI 

(h Ov dz 


y 




= Tto-l]-jtl-0]+k\o-Y] = -7±j± 

299 

Now <[> = _v + jC + 7 - - 1 




V(j) = 2x 7*+ 2yJ* + 2zk* 


|V<H = V4 


2 9.7 

■x + 4v" + 4z“ = 2 


V<j) t-> t-» r-» 

•'• " = i^jf =x ‘ +yj +zk 

curl F* -n* = -x — y — z 
S be the projection on XOY plane gives 

^ _ dx dy _ dx dy 


W ■ F^f 


JJ (■ 


-v - v - z) 


dx dy 


=JJ 


irx-y) 


dx 




dx dy 


=// 


{-x-y) 


VT^ 


2 2 
V 


dxdy- J J dx dy 


Now /, = 


=JJ 


— X — y 


Vi-2 


— /1 


.dx dv 


0 0 

x- - y 


By changing to polar coordinates 
x ~ r cos 0, y — r sin 0 dx dy = rdr dd 
r varies from 0 to 1 
0 varies from 0 to 2 tt 



2 % 1 

T-ll 

0 0 

1 


cos 0 + sin 6 7 
r 


V1 - r 


- - J - - - - ■■ dr J (cos © ■+ sin 0) dQ 

0 V 1 - r 2 0 


_ _| dr [ s j n q _ 00 s 0 ] = - J — p 






Now /-, = J jdxdy 


J ^ 

- Area of the closed c ircle x~ + v~ ~ l z 


/, - I 2 = 0 - 7T= - 71 


n' ds~~% 


—^ 

F-d r— ydx + zdy + xdz 

1 1 

The equation of the boundary circle is x“ + y~ — 
since z = 0, dz~ 0, we have d r = ydx 

put x = cos 0, y - sin 6 

dx = ~ sin 6 d 0 , dy ~ cos 0 d 0 
0 varies from 0 to 2 je 

2n 2n 

j F*-dr = ~ j sinQ 2 9d6 = ~^ j 


0 - 


sin 2 0 


i2n 


JO 


n 


dr[-l+ i]=0 


• 0 ) 


- cos 2 0)d 6 


... ( 2 ) 


From (1) and (2) 



J i 7 .d r = JJ curl F . n ds 


C 


s 


Gauss Divergence theorem 
Statement: 

The surface integral of the normal component of a vector 
function F over a closed surface S enclosing volume V is equal to the volume 
integral of the divergence of F taken throughout the volume V , 

jjjv.wv 

S V 

Evaluate JJ x 3 dydz + x 2 ydzdx + x 2 zdxdy over the surface bounded by z = 0 ,z 

= h, x + y = a 

Solution: 


JJ ( f j cly dz + / -, c/z dx -4- / clx civ') - J JJ 


Here J ^ = a' , = :k v, ^ 


dJF j df r 2 ()/■’, 


dy 


Of- 


I -i 7 9/^2 2 9/^2 2 

3a , ——— = x , —-= x 


Ox dy 

df r i Of r 2 9/^2 


= 5_.tr 


Ox dy dz. 

J J /’’j c/v ftz. + /' 2 c/z dx -+- /- , c/v c/v = J J J 5_v 2 c/a c/v c/z 


c/.v c/v dz 


* cr V « - .V 

- J j j 


5a- dx dv dz 


>v*= — a 


J J 


-v = ~sj *i~ — y 

-A/cP- vl 


O 

/i 


1 O A - 


c/v c/z 


f f IQ , 2 2.3X2 , , 

J J (Cl — V J dy dz. 


O - , 

h 


20 

3 


J J (c, 2 - v 2 >-^ c/v c/z 


o o 


Put a = ci cos O >’ = a sin 0 

dy = a cos O c/0 
=> © varies from O to 7t /2 

•- JJ / r 1 c/v dz -+- A 2 c/z c/v t /r 3 c/v c/y 


/? ttX2 

J J Ccc 2 — cj 2 sin 2 G) 323 cc cos 0 c/0 c/z 

o o 


20c/ 


h TC/2 


J J cos 4 e c/e c/z 

o o 


3 





3 1 K 

4 2 ~2 


3 K 
~L6 


Evaluate JJ F*n*ds where F^=4xzi^y 2 J+yzk%nds is the surface of 

s 

the cube bounded by x~%x = a^y~%y~a,z = ^z=a [jc = 0,jc = l,j? = 0, 
v = 1. - = 0,: = 1 means a - 1] 

■s 1 SOLUTION: Given f = 4« d f]t yz f 

di vf = 4z - 2v + v = 4z - y 
x ; varies from 0 to a 
v ; varies from 0 to a 
z ; varies from 0 to a 

JJ 7^-^*= f/f 

s V 


a a a 

--- J* J j* (4 z - y) dx dy dz 

0 0 0 

a a 

= J J [4<,v - va']q dy dz 

0 0 

a a 

~ | J [4 z,a - yo] dy dz 

0 0 

dz - J f 4 a 2 z 
0 v 



^F^ds = — 

c ^ 






